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Abstract
We study theoretically the magnetic properties of the surface monolayers with the antiferro-
magnetic (AF) and ferromagnetic (FM) exchange interactions where the Dzyaloshinskii-Moriya
interaction (DMI) is a result of the mirror symmetry breaking. To study the DMI helices in mag-
netic field a method is proposed. In zero field the DMI gives rise a cycloid in both AF and FM cases.
The cycloid orientation is determined by the DMI induced in-plane anisotropy with the symmetry
of the layer lattice. As a result we have one, two and three chiral domains in the rectangular,
square and triangular lattices respectively. The magnetic structure of the Mn/W (110) monolayer
is explained. The out-of-plane anisotropy may restore a collinear magnetic order. The chiral do-
mains are rotated by the in-plane field. In some field directions the spin flops are predicted. In
the out-of-plane field the chirality follows the field direction. The length of the cycloid wave-vector
decreases. In the perpendicular field there is the spin flop to the corresponding collinear state. A
possibility of the layer electric polarization is discussed.
PACS numbers:
1
ar
X
iv
:1
81
2.
07
89
2v
1 
 [c
on
d-
ma
t.s
tr-
el]
  1
9 D
ec
 20
18
I. INTRODUCTION
Magnets with the Dzyaloshinskii-Moriya interaction (DMI) [1, 2] have
many features unknown in the conventional magnetic systems. Some of them
remain unexplained. We mention A-phase and Skyrmion lattice in B20 mag-
nets [3–5] and the electric polarization flops in the multiferroics (See[6] and
references therein).
The ultra thin magnetic films and interfaces represent a special class of
the DM magnets where the DMI is a result of the mirror symmetry breaking
[7].
We are interested in the single surface layers. The principal experimental
results are following:
Mn/W (110) layer is the antiferromagnetic (AF) cycloid [8, 9]. Fe/W (110)
layer is a ferromagnetic (FM) with the spins in the surface [10, 11].
Fe/W (001) and Fe/Ir(001) layers. Both are antiferromagnetics [12, 13].
In the first case the spins are perpendicular to the surface.
In this paper we study theoretically magnetic properties of the surface
monolayers with the antiferromagnetic (AF) and ferromagnetic (FM) ex-
change interactions where the DMI is a result of the mirror symmetry break-
ing [7]. The principal results are following.
To study magnetic field behavior of the DMI helices a method is proposed.
In zero field the DMI gives rise a cycloid in both AF and FM cases. The
cycloid orientation is determined by the DMI induced in-plane anisotropy
with the symmetry of the layer lattice. As a result we have one, two and three
chiral domains in the rectangular, square and triangular lattices respectively.
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The magnetic structure of the Mn/W (110) monolayer is explained.
The out-of-plane anisotropy may restore a collinear magnetic order.
The chiral domains are rotated by the in-plane field. In some field direc-
tions the spin flops are predicted.
In the out-of-plane field the chirality follows the field direction. The length
of the cycloid wave-vector decreases. In the perpendicular field there is the
spin flop to the corresponding collinear state. The spin flops in frustrated
helices were considered in [14].
A possibility of the layer electric polarization is discussed. It may appear
in the cycloidal state as in multiferroics [6, 15].
The paper is organized as follows. In Sec.II the model is described. Gen-
eral expressions are derived for the energy of the DMI helices in the magnetic
field. In Sec.III the rectangular AF and FM layers are studied. The uniaxial
anisotropy is considered in Sec.IV. Sec.V and VI are devoted to the square
and triangular lattices respectively. A possibility of the layer electric polar-
ization is considered in Sec.VII. In the last Sec.VIII we discus a role of the
DMI in the films with few layers.
II. MODEL
We derive below general expressions for the classical energy of the helices
with the DMI in the magnetic field. Corresponding Hamiltonian is following
H = (1/2)
∑
{JR,R′(SR · SR′) + (DRR′ · [SR × SR′])}+
∑
(H · SR), (1)
where DR′R = −DRR′. The last term is the Zeeman energy.
In the surface monolayer the DMI is a result of the mirror symmetry
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breaking. In this case the DMI must be on each bond b connecting two spins
[2, 7]. Neglecting the substrate structure we have [7]
Db = db[zˆ × b], D−b = −Db. (2)
where zˆ is the unit vector perpendicular to the surface.
The DMI distorts the commensurate magnetic order and a helical struc-
ture may appear. To describe it we use the classical part of the Kaplan
representation [16]
SR = S(Ae
ik·R + A∗e−ik·R) cosα + Scˆ sinα, (3)
where A = (aˆ− ibˆ)/2, unit vectors aˆ ⊥ bˆ, [aˆ× bˆ] = cˆ and α is the cone angle.
We have
(A ·A) = 0, (A ·A∗) = 1/2, [cˆ×A] = iA, [A×A∗] = icˆ/2. (4)
These expressions contain six free parameters: wave-vector k, unit vector cˆ
and cone angle α. If α = 0 at cˆ||k and cˆ ⊥ k we have the planar helix and
cycloid respectively.
The vectors M = Scˆ sinα and C = S2cˆ cos2 α are the helix magnetization
and the chirality respectively. They have different t-parity as the spin is
t-odd.
From Eqs.(1-4) we obtain the classical energy of the helix
E = (S2/2){J0 sin2 α + [Jk + i(Dk · cˆ)]} cos2 α + S(H · cˆ) sinα, (5)
Jk =
∑
b
Jb cos k · b, Dk = i
∑
b
db[zˆ × b] sin k · b. (6)
The helical spin structure is determined by minimum of the energy (5). From
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dE/dα = 0 we obtain
sinα = −(cˆ ·H)
Hc
, Hc = SJ0 − S[Jk + i(cˆ ·Dk)], (7)
E = (S2/2)[Jk + i(cˆ ·Dk)]− S(cˆ ·H)
2
2Hc
. (8)
We consider below the antiferromagnetic (AF) and ferromagnetic (FM) ex-
change interactions. In the first case one must replace k → kAF + k where
kAF = (pi, pi) is the AF part of the wave-vector. In the second case we must
replace J → −J . As a result we obtain
Ea = −(S2/2)[Jk + i(cˆ ·Dk)]− S(cˆ ·H)
2
2Ha
(AF ), (9)
Ef = −(S2/2)[Jk − i(cˆ ·Dk)]− S(cˆ ·H)
2
2Hf
(FM), (10)
where
Ha = S[Jk + i(cˆ ·Dk + J0)] ' 2SJ0;
Hf = S[Jk − i(cˆ ·Dk)− J0] ∼ SJ0k2, (11)
where in r.h.s. we put k  1. Expressions for Hf will be given below.
Eqs. (9-11) do not change if one replace (cˆ,k)→ (−cˆ,−k). So the energy
has two minima, but we consider them below as one state.
We note that Eqs.(5) and (9-11) do not depend on the special form of the
DMI.
General expressions for H and cˆ used below are following
H = H(cos Ψ sin Θ, sin Ψ sin Θ, cos Θ),
cˆ = (cosφ sin θ, sinφ sin θ, cos θ). (12)
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FIG. 1: The nearest neighbors in the Mn ane Fe monolayers on the W (110) plane. The lines and
arrows are the n.n. bonds and DM vectors. The lattice constants along x and y axes are
√
2 and
unity respectively.
III. RECTANGULAR LATTICE
We consider the rectangular layer with the nearest neighbor (n.n.) inter-
action shown in FIG.1. It is a model for Mn/W (110) and Fe/W (110) layers
studied in [8–11]. In the Mn case the DMI can explain observed spin struc-
ture but in the Fe case one must add the uniaxial anisotropy (See Sec.IV).
A. AF layer
According FIG.1 for four n.n. bonds we have b = ±(xˆ√2± yˆ)/2). In zero
field cˆ is in the (x, y) plane and θ = pi/2 in Eq(12). If k = k(cos ξ, sin ξ) from
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Eqs.(6) and (9) we obtain
Ea = −S2J{cos k cos(ξ − ρ) + cos k cos(ξ + ρ)
−k0[sin(φ− ρ) sin k cos(ξ − ρ) + sin(φ+ ρ) sin k cos(ξ + ρ)]}, (13)
where k0 = d/J , cos ρ =
√
2/3 and sin ρ = 1/
√
3 [17]. In the k2 approxima-
tion we obtain
Ea = −(S2J0/2){1− k2(cos2 ρ cos2 ξ + sin2 ρ sin2 ξ)/2−
kk0[cos
2 ρ sin(φ− ξ) + cos 2ρ cosφ sin ξ]} (14)
The minimum conditions are following
k(cos2 ρ cos2 ξ + sin2 ρ sin2 ξ) + k0[cos
2 ρ sin(φ− ξ) + cos 2ρ cosφ sin ξ] = 0,
−k cos 2ρ sin ξ cos ξ − k0[cos2 ρ cos(φ− ξ)− cos 2ρ cosφ cos ξ] = 0.
(15)
These equations have two solutions: k = k0, ξ = φ + pi/2 and k = −k0, ξ =
φ− pi/2. Both give the same result . As cos2 ρ = 2/3 we obtain
Ea = −(S2J0/2)
[
1 +
k2
6
(1 + sin2 φ)
]
− SH
2
2Ha
cos2(φ−Ψ), (16)
k = k0(− sinφ, cosφ), (cˆ · k) = 0, [cˆ× k] = k0zˆ, (17)
where in Eq.(16) J0 = 4J and the energy of the in-plane field is add [See
Eqs.(9) and (11)]. In Eq.(16) the first term is the classical energy of the AF
state. It may be omitted. The DMI is represented by next two terms where
the sin2 φ term is the DMI induced in-plane anisotropy.
In zero field sin2 φ = 1, k = k0(−1, 0)||xˆ and cˆ = (0, 1)||yˆ [18]. It is the
AF cycloid observed in [8, 9] as x axis in FIG.1 is the (110) direction in the
W plane.
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FIG. 2: The field dependence of the (cˆ,k) orientation. (a) Ψ = 0, H < Hac. (b) Ψ = 0, H > Hac.
(c) Ψ > 0. (d) Ψ < 0. Thin, thick and dashed arrows are cˆ, k and H respectively.
The in-plane field rotates the (cˆ,k) cross. If Ψ = 0 (H||xˆ) from Eq. (16)
we obtain
Ea1 = −(S2J0k2/12){1 + [1− (H/Hac)2] sin2 φ+ (H/Hac)2}, (18)
where we omitted −S2J0/2 term and Hac = Hak/2
√
6. If H < Hac this
energy is minimal at sin2 φ = 1 an sinα = 0 [See Eq.(7)]. At H = Hac there
is the first order spin flop transition to the conical cycloid with sin2 φ =
0, cˆ = (1, 0), k = k0(0, 1) and sinα = −H/Hc [See FIG.2a,b].
If Ψ = pi/2, (H||yˆ) the energy is minimal at φ = pi/2. We have the conical
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cycloid with sinα = −H/Ha. In both cases there is the spin flip at H = Ha.
In general case the minimum conditions of the energy (16) are the same
as in Appendix A if one replaces (θ,Θ)→ (φ,Ψ). From Eqs.(A6), (A9) and
(A10) we obtain
Ea1 = −(S2J0k2/24)[3 + g + (1− 2g cos 2Ψ + g2)1/2],
sin2 φ =
1
2
[
1 +
1− g cos 2Ψ
(1− 2g cos 2Ψ + g2)1/2
]
,
sin 2Ψ/ sin 2φ > 0, (19)
where g = (H/Hac)
2. The last inequality determines the φ dependence on
sign of Ψ as shown in FIG.2(c,d). At Ψ = 0 these expressions describe the
spin flop as (1−2g cos 2Ψ+g2)1/2 → |1−g|. If g  1 we have sin2 φ ' sin2 Ψ.
In the out-of-plane field the in-plane part of cˆ has the factor sin θ [See
Eq.(12)]. As a result in Eq.(13) one must replace k0 → k0 sin θ and we obtain
Ea1 = −S
2J0k
2
12
{
(1 + sin2 φ) sin2 θ +
H2
H2ac
[cos(φ−Ψ) sin θ sin Θ + cos θ cos Θ]2
}
,
(20)
k = k0(− sinφ, cosφ) sin θ. (21)
In the perpendicular field (H||zˆ,Θ = 0) and sin2 φ = 1 we have
Ea1 = −(S2J0k2/6)[(1−H2/2H2ac) sin2 θ +H2/2H2ac]. (22)
This equation describes the first order spin flop transition at H = Hsf =
Hac
√
2 from the cycloid to the AF state with the spins in the (x, y) plain.
In general case (Θ 6= 0) θ and φ are complicated functions of Θ, Ψ and
H. In Appendix B is show that in the strong field (H  Hac) θ ' Θ and
φ ' Ψ. As a result we have the conical cycloid with cˆ||H, sinα = −H/Ha,
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k = k0(− sin Ψ, cos Ψ) sin Θ and |k| = |k0| sin Θ < |k0|. So in the out-of-plane
field the length of k decreases.
B. FM layer
From Eqs.(7,10) and (11) in the in-plane field we have
Ef = −S
2J0
2
[
1 +
k2
6
(1 + sin2 φ)
]
− SH
2 cos2(φ−Ψ)
2HF (1 + sin
2 φ)
, (23)
HF = SJ0k
2/6, k = k0(sinφ,− cosφ), (24)
sinα = − H cos(φ−Ψ)
HF (1 + sin
2 φ)
, (25)
where k0 = d/J . In zero field sin
2 φ = 1. We have the FM cycloid with cˆ||yˆ.
However the wave vector k has other sign than in the AF case [See Eq.(17)].
At H 6= 0 we consider two case:Ψ = 0 (H||xˆ) and Ψ = pi/2 (H||yˆ). In both
cases we must compare the energy (23) with the energyEFM = −S2J0/2−SH
of the ferromagnetic with the spins along the field. The restriction sinα > −1
must be taken into account too.
i.Ψ = 0 (H||xˆ). Equation dEa/dφ = 0 has three solutions: sin2 φ =
1, sinφ = 0 and 1 + sin2 φ = H
√
2/HF . The energy is minimal at sin
2 φ = 1.
We have Ef1 = −SHF and sinα = 0. The first order FM spin flop takes
place at H = HF .
ii. Ψ = pi/2 (H||yˆ). The energy is minimal at sin2 φ = 1. We have the
conical cycloid with Ef1 = −SHF [1 + (H/2HF )2] and sinα = −H/2HF .
In the perpendicular field (Θ = 0) we have
Ef1 = −SHF
2
[
(1 + sin2 φ) sin2 θ +
H2 cos2 θ
H2F (1 + sin
2 φ) sin2 θ
]
, (26)
sinα = − H cos θ
HF (1 + sin
2 φ) sin2 θ
. (27)
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This energy has two extrema. 1) sin2 θ = 1, E1 = −SHF (1 + sin2 φ)/2
and sinα = 0. 2) sin2 θ = H/HF (1 + sin
2 φ) and E2 = E1(1− cos4 θ). So we
have sin2 φ = 1, Ef1 = −SHF and the FM spin flop at H = HF .
IV. UNIAXIAL ANISOTROPY
In the rectangular lattice the DMI gives rise a cycloid. The same takes
place in the square and triangular lattices considered below. The AF cycloid
was observed in [8, 9]. In other cases the FM and AF magnetic structures
were found (See Sec.I).
We demonstrate now that the anisotropy in zˆ direction can restore a
collinear magnetic order.
The uniaxial anisotropy is determined as follows
HA = A
∑
(SzR)
2, (28)
where A > 0 and A < 0 correspond to the easy plane and easy axis anisotropy
respectively. Using Eqs.(3) and (4) in zero field (α = 0) we obtain
EA = (S
2A/2)(aˆ2z + bˆ
2
z) = (S
2A/2) sin2 θ, (29)
as aˆ2z + bˆ
2
z + cˆ
2
z = 1 and cˆz = cos θ.
This energy must be added to the cycloid energy E1. According Eqs.(23)
and (26) Ea1 = Ef1 = −(S2J0/2)Qk2 sin2 θ, where Q = 1/3. The same
expressions take place in the square and triangular lattices with Q = 1/4
(See Sec. V and VI). For the sum E1 + EA we obtain
E = S2(−J0Qk2/2 + A/2) sin2 θ. (30)
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We have a cycloid if this energy is lesser than the anisotropic energy < EA >
in the collinear state. If < EA >< E we have the AF or FM state depending
on a type of the exchange interaction.
We have < EA >= 0 and < EA >= −S2|A| in the easy plane and easy
axis cases respectively. In both cases the cycloid is stable if
J0Qk
2 > |A|. (31)
In this expression both sides are of the second order of the spin orbit inter-
action as the DMI is of the first order [2, 7].
V. SQUARE LATTICE
The nearest neighbor bonds and the DM vectors are shown in FIG.3. We
obtain
Jk = 2J(cos kx + cos ky), Dk = 2id(− sin ky, sin kx). (32)
A. AF layer
Using Eqs.(9) and (32) from the conditions ∂Ea/∂kx,y = 0 we obtain
tan kx = −k0cˆy, tan ky = k0cˆx, k0 = d/J, (33)
where cˆ is given by Eq.(12). At k0  1 we have (cˆ · k) = 0. So there is the
AF cycloid as in Sec.III.
From Eq.(33) follows
cos kx,y = 1/Ry,x, sin kx,y = ∓k0cˆy,x/Ry,x, (34)
where Rx,y =
√
1 + cˆ2x,yk
2
0 and we have
Ea = −S2J(Rx +Ry)− S(cˆ ·H)2/2Ha, (35)
12
 y 
 
x 
FIG. 3: Nearest neighbors and DM vectors in the square lattice.
where Ha = 2SJ0, J0 = 4J [See Eq.(11)].
At k0  1 in the in-plane field we have
Ea = −S
2J0
2
{
1 +
k2
4
− k
4
16
[sin4 φ+ cos4 φ]
}
− H
2 cos2(φ−Ψ)
2Ha
, (36)
where we replaced k0 → k. The first two terms are the AF energy and
DMI contribution respectively. The third tern is the DMI induced square
anisotropy.
In zero field Ea is minimal at φ = ±pi/4 and we have two chiral domains
with cˆ± = (1,±1)/
√
2 and k± = k(∓1, 1)/
√
2 [18].
The in-plane field rotates the (cˆ · k) domains. As the DM anisotropy is of
order of k4 there are two field regions. In the strong field when H  Ha1 =
Hak
2/4, the anisotropy may be neglected, the chirality cˆ is along the field
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(φ ' Ψ) and the spin flip occurs at H = Ha.
In the weak field (H ∼ Ha1) the magnetic structure is determined by two
last terms in Eq.(36). In the dimensionless units we have
F (φ) = sin4 φ+ cos4 φ− 2Wa cos2(φ−Ψ), (37)
dF
dφ
= 2[− sin 2φ cos 2φ+Wa sin(2φ− 2Ψ)] = 0, (38)
where Wa = (H/Ha1)
2. The rotation of the chiral domains is describes by
Eq.(38). We consider two simplest cases.
i. Ψ = 0, (H||xˆ). Eq.(38) has two solutions: cos 2φ = Wa and sin 2φ = 0.
From the first solution we obtain sinφ = ±√(1−Wa)/2 and F = 1/2 −
Wa −W 2a /2. The field rotates the cˆ± domains to xˆ axis. At Wa > 1 we have
one domain with φ = 0 and F = 1 − 2Wa. At Wa = 1 we have the second
order transition to the one domain state.
ii. Ψ = pi/4, (H||xˆ + yˆ). There are two solutions again: cos 2φ = 0 and
sin 2φ = −Wa. In the first case we have φ = ±pi/4 and two domains with
F (−pi/4) = 1/2 and F (pi/4) = 1/2 − 2Wa. At H > 0 the −pi/4 domain is
unstable and we have one domain with cˆ||H. The second solution must be
ignored as F = [1 + (1−Wa)2]/2 ≥ 1/2.
In the out-of-plane field we can neglect the DMI anisotropy. As a result
instead of Eqs.(20) and (21) we obtain
Ea1 = −(S2J0k2/8)[sin2 θ +G cos2(θ −Θ)], (39)
k = k(− sin Ψ, cos Ψ) sin θ, (40)
where G = (H/Hsf)
2, the spin-flop field Hsf = Hak/2
√
2 Ha1 and φ = Ψ.
In the perpendicular field (Θ = 0) at H = Hsf we have the spin flop to
the AF state as in Sec.III.
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If Θ 6= 0 from Eqs.(A9,10) we have
Ea1 = −(S2J0k2/16)[1 +G+ (1− 2G cos 2Θ +G2)1/2],
sin2 θ =
1
2
[
1 +
1−G cos 2Θ
(1− 2G cos 2Θ +G2)1/2
]
. (41)
As a result the length of the cycloid wave vector |k| = k sin θ depends on
the field. For example |k| = k/√2 and k sin Θ for H cos Θ = 1 and G  1
respectively [18]. In the last cases as in Sec.III we have the conical cycloid
with cˆ||H and the spin flip at H = Ha.
B. FM layer
From Eqs.(10), (11) and (32) we obtain
tan kx = k0cˆy, tan ky = −k0cˆx, k0 = d/J, (42)
sinα = − (H · cˆ)
Hf sin
2 θ
, Hf = SJ0k
2/4. (43)
where expressions for tan kx,y have other signs than in Eq.(33), cˆ and H are
given in Eq.(12).
In the in-plane field we have
Ef = −S
2J0
2
[
1 +
k2
4
− k
4
16
(sin4 φ+ cos4 φ)
]
− H
2 cos2(φ−Ψ)
2Hf
. (44)
This equation coincides with Eq.(36) after replacement Hf → Ha. So all
results obtained above in the in-plane field are valid after replacing Ha1 →
Hf1 = Hfk/
√
2 ∼ k3 and Wa → Wf = (H/Hf1)2.
In the perpendicular field instead of Eq.(26) we have
Ef1 = −(SHf/2)[sin2 θ + (H2/H2f sin2 θ) cos2 θ]. (45)
As below Eq.(26) one can show that at H = Hf/2 there is the spin flop to
the FM state.
15
 FIG. 4: Nearest neighbors and DM vectors in the triangular lattice.
VI. TRIANGULAR LATTICE
The nearest neighbor bonds and DM vectors are shown in FIG.4. From
Eqs.(6,9) and (11) we obtain
Ea = −S2
∑
n=0,±1
{J cos(bn·k)−d[(cˆ·[zˆ×bn]) sin(bn·k)]}−S(H·cˆ)2/2Ha, (46)
where b0 = xˆ,b± = xˆ cosψ ± yˆ sinψ and ψ = pi/3.
As in Sec.III we have k = k(cos ξ, sin ξ) and obtain
Ea1 = −S2J
∑
(cos k cos ξn − k0 sinφn sin k cos ξn), (47)
where k0 = d/J , ξn = ξ + nψ and φn = φ+ nψ.
In the k2 approximation we have
Ea = −(S2J0/2)[1− k2/4− (kk0/2) sin(φ− ξ)], (48)
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where J0 = 6J .This energy is minimal at ξ = φ + pi/2 as in Eq.(14) and we
obtain
Ea = −(S2J0/2)(1 + k2/4)− SH2 cos2(φ−Ψ)/2Ha,
k = k0(− sinφ, cosφ), (49)
where Ha = 2SJ0. This expression coincides with the energy (36) of the
square lattice if one neglects the k4 terms.The same takes place in the FM
case where Hf = SJ0k
2/4 [See Eq.(44)]. So all results obtained in Sec.V for
the out-of-plane field remain valid as the DM anisotropy may be neglected.
The DMI hexagonal anisotropy is of order of k6.The k4 and k6 terms of
the energy (47) are studied in Appendix C. In the k4 approximation we have
E4 = −3S2J0k4/128. The DM anisotropy is following
EA6 =
S2J0k
6
962
(cos 6φ− 1). (50)
This energy is minimal at φ = ±pi/6 and φ = pi/2. We have three chiral
domains with cˆ along these directions. The domain rotation field is very
weak. We have Ha1 ∼ Hak3/96 and Hf1 ∼ SJ0k4/96. So we do not study
their field rotation.
VII. THE LAYER ELECTRIC POLARIZATION
We consider a possibility of the layer electric polarization in the cycloidal
state similar to the observed in multiferroics ([6] and references therein). We
use the same method as in [15].
The layer is at a distance z0 above the substrate. It is fixed by an effective
potential well V (z − z0). The DMI depends on the layer position and we
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have d = d(z). In the cycloidal stat the total layer energy is following
EL(z) = V (z − z0)− S2J0Qk2(z)/2, (51)
where k(z) = d(z)/J , Q = 1/3 in the rectangular lattice and Q = 1/4 in two
other lattices (See Sec.IV). The minimum of this energy determines the layer
shifting δz = z − z0. If V (δz) = Kδz2/2 we obtain
δz = (S2J0Q/K)k(z0)dk/dz0. (52)
Due to this shifting the electric polarization P ∼ zˆδz may appear. It disap-
pears with the cycloid. One can mention temperature [S2(T ) → 0] and the
spin flop in the perpendicular magnetic field. In general the P field behavior
is determined by the factors (1 + sinφ) sin2 θ and sin2 θ in the rectangular
lattice and in two other cases respectively.
VIII. DISCUSSION
We used above the classical approximation. Any fluctuations were ignored.
Meanwhile in the 2D magnets they are very important and may destroy
the magnetic order at T > 0. So the study the spin waves with the small
momenta is the urgent problem.
In this paper we considered a monolayer as a mirror breaking surface
giving rise the DMI. In the surface films and interfaces with few layers the
mirror symmetry is broken on both sides. As a result the different DMI
must be in two boundary layers. For example in the interface with the
same material on both sides the DM vectors in two boundary layers have
opposite directions. The films with two, three and four layers must have
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different magnetic structures. In general the magnetic structure of the thin
film depends on the number of the layers. It was observed recently [19].
Appendix A
Minimum conditions for Eqs.(16) and (39) coincide after replacement
(φ,Ψ) → (θ,Θ). We consider the second. In the dimensionless units we
have
E = − sin2 θ −G cos2(θ −Θ), (A1)
dE/dθ = − sin 2θ +G sin 2(θ −Θ) = 0, (A2)
d2E/dθ2 = 2[− cos 2θ +G cos 2(θ −Θ)] > 0. (A3)
Eqs.(A2) and (A3) may be represented as follows
−G sin 2Θ cos 2θ − (1−G cos 2Θ) sin 2θ = 0, (A4)
−(1−G cos 2Θ) cos 2θ +G sin 2Θ sin 2θ > 0. (A5)
From Eqs.(A4) and (A5) we obtain
sin 2Θ/ sin 2θ > 0. (A6)
Solution of Eq.(A4) is following
sin2 2θ =
G2 sin2 2Θ
D
, cos2 2θ =
(1−G cos 2Θ)2
D
, (A7)
D = 1− 2G cos 2Θ +G2. (A8)
If cos 2θ = −(1−G cos 2Θ)/D1/2 we have
sin2 θ =
1
2
[
1 +
1−G cos 2Θ
(1− 2G cos 2Θ +G2)1/2
]
, (A9)
E = −(1 +G+
√
1− 2G cos 2Θ +G2)/2. (A10)
At G = 0 and G 1 we obtain sin2 θ = 1 and θ ' Θ respectively.
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Appendix B
From Eq. (20) we have
E = −(1 + sin2 φ) sin2 θ − g(Hˆ · cˆ)2, (B1)
where E = 12Ea1/S
2J0k
2, g = (H/Hac)
2 and (H, cˆ) are defined in Eq.(12).
The replacement (φ, θ)→ (φ+ pi,−θ) does not change Eq.(B1).
The minimum conditions are following
dE/dθ = −(1 + sin2 φ) sin 2θ − 2g(Hˆ · cˆ)[cos(φ−Ψ) cos θ sin Θ− sin θ cos Θ] = 0,
(B2)
dE/dφ = − sin 2φ sin2 θ + 2g(Hˆ · cˆ) sin(φ−Ψ) sin θ sin Θ = 0, (B3)
At g  1 the g terms must be of order of unity. As a result we have φ ' Ψ
and θ ' Θ.
Appendix C
We evaluate below the DMI anisotropy in the triangular lattice. From
Eq.(47) in the k4 approximation we obtain
E2+E4 = −S
2J0
2
[
1− k
2
4
− kk0 sin(φ− ξ)
2
−
∑(k4 cos4 ξn
4!3
− k
3k0 sinφn cos
3 ξn
3!3
)]
.
(C1)
This energy is minimal at ξ = φ + pi/2 asnd k = k0 [See Eqs.(48) and (49)].
Taking into account that
∑
sin4 φn = 9/8 we obtain
E4 = −3S2J0/128. (C2)
By the same way we obtain
E6 = −S
2J0k
6
432
∑
sin6 φn. (C3)
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From this expression for the DMI anisotropy we obtain
EA6 =
S2J0k
6
962
(cos 6φ− 1). (C4)
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